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1 Hadamard Factorization

1.1 Lower bound on the product of Weierstrass factors

Let f be entire of finite order p, with zeros (ax) such that 0 < |a1| < az| <---. Let m € N
be such that m < p < m+ 1. Then we have the Hadamard factorization:

f(z) =esP2P ﬁ Em(z/ar),
k=1
where ¢ is entire, and p is the order of the zero at z = 0.
Theorem 1.1 (Hadamard). The function g is a polynomial of degree < p.
We need a good lower bound on the canonical product away from the zeros {ay}.

Proposition 1.1. For any s € R such that p < s < m+1, there is a constant Cs = C >0
such that

> e Clzl®

[T Eonz/ar)
k=1

for all z € C\ |JD(ay, lax|~™1).
Proof. We need the following 2 estimates for E,,(z):

L |Ep(2)] > e €™ when |2| < 1/2: Write

En(2) = (1 — 2)eXim# = ev,

where
w=log(l—2)+» —=-— Z —.
j=1 J j=m+1 J

So |w| < 2|z|™*!, and the estimate follows.



2. En(2)| > 11— z|e—C\z|m when |z| > 1/2: Write
|Em(2)] > |1 = 2]e”| 25231,

where

m m
2GS Y e < O™
J=1 Jj=1
We write next

[[EnG/a)= ][] Ew(zlar) [ Em(z/aw).
Jj=1

|z/ar|<1/2 |z/ak|>1/2

—A =B
The first estimate gives
|A| > H e—C’\z/ak\m'H — e*C|Z‘m+1 2 lay|>2|2] 1/|ak|m+1.
|z/ak|<1/2

Now if p < s < m + 1, then ) 1/|ag|® < oo (by the same argument as in last lecture).
Then |agp| ™™ ! = |ag|*|ap[>"™ 7! < Clag|~*|2|* ™!, so we get the lower bound

]A‘ > €_CS‘Z|S'
Next, the second estimate gives
|B| > H |1 — z/ag] H e~ Cla/axl™
|z/ar|>1/2 |z/ak|>1/2

=exp(—C|z|™ > 1/|ax|™)

To bound this second term, we have |ax| ™™ = |ag|*a;™™ < C|2|°7"|ax| =%, so
H e—C\z/ak\m > e—Cs\z|s.
|z/ak|>1/2

’m—i—l

Finally, using |z — ag| > 1/|ag for all k, we get

1
I2/an|>1/2 |2 /ag|>1/2 17F
Taking logs, we get
> (m+2)logax| < O(1)log(2]2]) n(2]z]) < O(1)|2].
lak|<2]2]

SCE|2|P+E

The result follows. O



1.2 Proof of Hadamard’s theorem

Let Q = C\ U D(ag, 1/|ar|™*!) be the domain from the previous proposition.
Proposition 1.2. There exists a sequence Ry, — oo such that {|z| = R} C Q.

Proof. Recall that > 72, 1/]ag|/™" < co. Pick N so that > po y1/lag|™ < 1/2. Set
A = {z € R : |z — |ag|| < |ax|™™ '}, Then > 32y < 1. Given L € N large, let
r € [Li, L+ 1]\ Uze v Ak; the set |z~ 5 Ak has Lebesgue measure < 1. Then if |z| = r,

1

|z — ag| > ||z] — |ag|| > Tan

If L > L for large Ly, we also get

1
|z —ag| > ———
|ak|m+1

for 1 <k < N, and the result follows. O
Now we can prove Hadamard’s theorem. Recall that we have
o0
f(z) = D2 [ Emlz/ar).
k=1

Proof. When |z| = R;, we have

|eg(z)| _ |f(Z)‘
22| T[] Em(z/an)

N————
>Ce exp(—|z|Pt)

|Z|P+6

< C.e

for al € > 0. By the Borel-Carathéodory estimate, which says

p 9(2)| < 7 sup Relo(2) + O <R
there exists a sequence R; — oo such that
9(2)| < Ce + 121775, |o| =R j=12,...
By the usual Cauchy’s estimates argument, g is a polynomial of degree < p. ]
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